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Abstract: A concise description of the 3D structure of α and β chains of human haemoglobin, as well as of αβ dimers, is
provided for both the R and T forms on the basis of topological network parameters. Such parameters are able
to account for the allosteric conformational transitions as derived by standard 3D pictures and models in the
literature. In particular, the difference between the R and T forms appears more relevant in the case of dimers,
in agreement with the idea that dimers are essential in the allosteric mechanism of Hb as an oxygen carrier.
This result encourages the extension of the network-based, topological representation of protein structures to
less overexploited systems than Hb, as well as to the vast realm of data coming from resonance spectroscopy.
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1 INTRODUCTION

Allostery is a complex process by which the global functional properties of biological molecules are controlled
through ligand binding events. Allosteric models provide mechanisms accounting for the interactions between
distant binding sites mediated by shifting the equilibrium of the whole molecule between different structural
conformations.

Any mechanistic description of the sigmoidal shape of the 02-binding curve of Hb somehow oscillates in
between the two extreme cases of allosteric models, namely the ”concerted” Monod-Wyman-Changeux (MWC)
model [1] and the ”sequential” Koshland-Nemethy-Filter (KNF) model [2]. The former assumes an all-or-none
change in the quaternary structure, whereas the latter allows for a sequence of structural changes transferred from
one subunit to another. Although both models were proposed many years ago, as a matter of fact their possible
refinements are still under discussion [3], [4] .

For most allosteric proteins knowledge of the X-ray crystal structures of the 100% T (ligand-free) and 100% R
(ligand-bound) states was extremely precious to understand the allosteric changes [5–9]. It is worth remembering,
however, that by comparison of the static pictures provided by R and T tertiary structures (see Figure 1), even at
the highest possible resolution, no final conclusion concerning the underlying mechanisms can be drawn.

Figure 1: Geometrical difference between allosteric conformation of the α and β Hb chains.
The R (yellow) and the T (red) conformations of the αβ dimer of human Hb, have been superimposed by minimizing the
RMSD (Root Mean Square Deviation) value. Even under the best overlapping condition (RMSD = 0.82 Å) the picture does
not authorize any conclusion concerning the switching mechanism.

Notwithstanding the common experimental basis, a topological representation of protein structures inspired by
the graph theory [10] may result easier to analyze in mechanistic terms than the classical ’geometrical’ picture, at
least in so far as the main emphasis is given to the changing landscape of between residues contacts. In particular,
the identification of ’allosteric hot spots’ as the residues most involved in the allosteric transition could be of great
help in designing ’allosteric drugs’, i.e. molecules trying to modulate allosteric properties of their target that were
hypothesized to act as ’network modulators’, so overcoming a major problem of nowadays pharmacology [11].

In this report we concentrate on the representation of protein 3D structures by means of networks of nodes
(aminoacids) whose chemical interactions (of any type, both covalent and non-covalent) are reduced to links
between nodes. This type of representation of protein structures has been used in many fields, like protein folding
[12] and the prediction of functionally important residues in some families of enzymes [13] and proteins [14,15].
However, at our best knowledge, only in a very limited number of cases it has been used, up to now, in the study
of allosteric mechanisms [15].
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The first part of this report summarizes the basics of the network representation of protein 3D data, including
the calculation of global network parameters in a simple case. The following part summarizes the results ob-
tained in the comparison of network parameters from isolated chains and αβ dimers of human haemoglobin in
different allosteric conformations. The network approach is finally discussed as potentially useful in designing
new mechanistic models or in resolving the controversial ones.

2 MATERIALS AND METHODS

A recently implemented database constituting a great resource for searching, viewing and analyzing structures
and functions of allosteric molecules is the ASD [16], AlloSteric Database (http://mdl.shsmu.edu.cm/ASD/).
This database is actually updated every 6 months and contains at the moment (January 2012), 336 allosteric
proteins from 101 species and 8095 modulators. For each molecule reference to other databases such as PubMed
(http://www.ncbi.nlm.nih.gov/pubmed/) and UniProt (http://www.uniprot.org/) is also provided. We analyzed
the T and R conformations of human haemoglobin (Figure 1), since the structural rearrangement occurring in
switching from one to the other has been the subject of plentiful experimental and modelistic studies. Based on
the literature data we represented such conformations from a topological point of view to check up to what point
it was possible to enlight the details of the conformational switch.

The normal adult haemoglobin consists of four subunits having a similar 3D structure, two identical α chains
(141 amino acids) , and two identical β chains (146 amino acids) . Each subunit has a haeme pocket where the
02 binds Fe2+. The transition from the low-affinity form (T, tense) to high affinity (R, relaxed) of haemoglobin
as a consequence of oxygen binding [17] is one of the most studied allosteric processes.

3D (geometrical) versus Network (topological) representation of haemoglobin
The three-dimensional structures of the T and R forms of haemoglobin were obtained from the Protein Data

Bank (http://www.rcsb.org/pdb/home/home.do) as 1gbv and 1aj9 files, respectively. Displaying 3D structures
from PDB files can be obtained by several graphics programs. Among these PDB Viewer allows, in the case of
multimeric proteins, to isolate each single subunit from the others. Thus, we could perform a calculation of the
RMSD of the α and β subunits of haemoglobin in the T and R form, in order to quantify their overlapping (Figure
2) and pick up the individual residues with a critical role in the allosteric rearrangement.

Figure 2: Geometric and topological representation of a protein structure.
The left and middle panels refer to the α chain of human haemoglobin (PDB file = 1gbv) in the standard 3D, and topological
(network) structure, respectively. The right panel shows an amplified 2D picture of a selected number of nodes (yellow in the
middle panel) from the 3D picture. The number associated to each node indicates the location of the corresponding residue in
the primary structure. The ”links” among residues are defined on the basis of a threshold distance of 5 Å.

The topological representation of the T and R forms of haemoglobin was generated using RING (Residue
Interaction Network Generator) [18], a software tool useful to draw the network of chaemical interactions (links)
among amino acid residues. From the 3D coordinates in the PDB file a link between a couple of residues is drawn
if the distance between any pair of atoms each pertaining to one member of the couple is lower than a predefined
threshold. In our case we checked that, making more restrictive the default threshold (5 Å), namely decreasing
the value to 4 Å and 3 Å, the overall topological picture didn’t change significantly.

Once the whole grid of links is calculated, the network can be characterized, through the evaluation of quan-
titative descriptors, and observed using Cytoscape, an open source software platform for visualizing molecular
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interactions and biological pathways [19–21].
The main parameters considered in our work together with their meaning are detailed in the following list

(for a concise analytical definition of the parameters see Table 1):

Name De f inition
Node degree/connectivity (ki) # of links of node i
Node degree distribution # of nodes with degree k (k = 0, 1, 2, ...)
Clustering coefficient undirected graphs: Ci =

2ei
ki(ki−1)

ki: # of neighbors (links) of node i
ei: # of connected pairs within all neighbors of node i

Shortest path length between nodes i and j: Li j
Network diameter maximum length of shortest paths between two nodes
Characteristic path length CPL: average of the shortest paths between two nodes
Network Density mean(k)

n−1

Centralization n
n−2 ( max(k)

n−1 - Density )

Network heterogeneity
√

variance(k)
mean(k) :

tendency of a network to include hub nodes
Table 1: Name and definition of the network parameters used in this work.

Node degree. The degree or connectivity (k), is the most elementary characteristic of a node, namely how
many links connect the node to other nodes. In directed graphs, the in-degree of a node is the number of incoming
edges and the out-degree is the number of outgoing edges. In this work we considered undirected graphs, so the
node degree simply corresponds to the number of links in which a specific node is involved.

Node degree distribution. Barábasi and Albert used the node degree distribution to distinguish between ran-
dom [22] and scale-free network topologies [10].The degree distribution allows to distinguish between different
classes of networks. Protein networks were demonstrated to lay between scale-free and random graphs in which
several highly connected clusters are separated from each other by structural cavities [23].

Clustering coefficient. In both directed and undirected graphs, the clustering coefficient is a number between
0 and 1 giving the ratio N/M, where N is the number of links between neighbors of the it h node, and M is the
maximum number of links that could possibly exist between the neighbors of the it h node. In directed graphs
the clustering coefficient value is halved. The average clustering coefficient distribution gives the average of the
clustering coefficients for all nodes with k neighbors, with k >= 2,.

Shortest path. The length of the shortest path between two nodes n and m is Ln,m. The shortest path length
distribution gives the number of node pairs (n,m) with Ln,m = k, for k = 1,2, .

Network diameter. The network diameter is the maximum of shortest path values between all couples nodes.
If a network is disconnected, its diameter is the maximum of all diameters of its connected components. The
network diameter and the shortest path length distribution may indicate small-world properties of the analyzed
network [24].

Network density The neighborhood (ni) of node i is the set of its neighbors. The connectivity of such a node,
denoted by ki, is the size of its neighborhood. The average number of neighbors indicates the average connectivity
of nodes in the network. A normalized version of this parameter is the network density, a value between 0 and
1 indicating how densely the network is populated with edges (self-loops and duplicated edges are ignored). A
network which contains no edges and solely isolated nodes has a density of 0.

Centralization. The normalized connectivity centralization (also known as degree centralization) is a simple
and widely used index of the connectivity distribution.

Network heterogeneity. Many measures of network heterogeneity are based on the variance of the connec-
tivity, and authors differ on how to scale the variance [25]. Describing the heterogeneity (inhomogeneity) of the
connectivity (degree) distribution has been the focus of considerable research in recent years [24, 26–28], due to
the critical role of ’hub’ nodes. Biological networks tend to be very heterogeneous: while some ’hub’ nodes are
highly connected, the majority of nodes tend to have very few connections.
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For the sake of clarifying the above concept we provide in Fig. 3 a toy network where the topological param-
eters can be easily recalculated and fully understood in their physical meaning.

Figure 3: Network of a 9-peptide.
This very simple (toy) network has been generated and analyzed by Cytoscape and one of its plug-in (Network Analyzer),
respectively. Notice that the actual 3D (tertiary) structure of the 9-peptide is not appearing in the network representation. Such
representation, in fact, points to the significant chemical interactions (links) between residues (nodes), on the only assumption
of a minimum threshold distance between nodes. Values of the parameters of the toy network: Clustering coefficient = 0.54;
Network diameter = 3; Network radius = 2; Shortest paths = 72; Network centralization = 0.41; Characteristic path length =
2.0; Avg. number of neighbors = 2.44; Network density = 0.31; Network heterogeneity = 0.514.

3 Results

In the present work we decided to explore the heuristic power of the network representation of a 3D protein
structure through a quite specific problem, namely the mechanistic details of the T → R transition in Hb. The
most ambitious goal would have been to pick up the residues involved in the transfer of information between
oxygen binding sites, as ultimately responsible of the cooperative, nonliner binding reaction. This is, however,
definitely out of range of the typical representation based upon 3D atomic coordinates (even at the highest possible
resolution) due to their intrinsically static nature. All in all, the same limitation also applies to the alternative view
point focusing on the network of links representative of the changing interactions between residues in the two
(R,T) conformations, given the identical source of experimental information the two representations draw on.
The topological view point, however, allows a more immediate grasping of the underlying conformational global
transition (see below).

PDB Edges Nodes Ci Centralization L(n,m) CPL Density Heterogeneity
1aj9(αR) 714 141 0.546 0.043 19740 3.492 0.071 0.264
1gbv(αT ) 717 140 0.545 0.043 19460 3.446 0.073 0.266
1aj9(βR) 754 145 0.548 0.047 20880 3.537 0.071 0.265
1gbv(βT ) 769 146 0.550 0.046 21170 3.449 0.072 0.284
1aj9(αβ)R 1526 286 0.527 0.026 81510 4.485 0.037 0.270
1gbv(αβ)T 1544 287 0.548 0.026 82082 4.493 0.037 0.278

Table 2: Quantitative descriptors of the protein network used in this work.
The first column reports the PDB files, concerning the 3D data of R and T conformations of single chains or dimers (in
parenthesis). The other columns contain the values of the parameters describing the network topology as provided by Network
Analyzer (for their meaning see the text and Figure 3).
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We extensively used the ASD database (see the Methods) for a fast and efficient search of structural informa-
tion concerning the allosteric forms of human Hb, and Table 2 includes in column 1 the PDB data files used as a
source of 3D data. Starting from the files representing the T and R forms of haemoglobin, we got two different
networks for the α and for the β chains and analyzed thaem by NetworkAnalyzer, a Cytoscape plugin [29]. The
network diameter, the average number of neighbors, and the number of connected pairs of nodes as well as the
distributions of more complex network parameters such as node degrees, average clustering coefficients, topolog-
ical coefficients, and shortest path lengths are computed and listed in columns 4-7 of Table 2. In the comparison
between T and R states, the former ones appear richer in the number of links for both monomers and dimers (Ta-
ble 2 column 2). This is in agreement with the more compact structure of the T (tense) conformation. Moreover,
from a direct comparison of chains and dimers in the R and T conformations the following points emerge:

1. The β chains appear more sensitive than the α chains to the R↔ T switch, as indicated by the higher number
of changed edges, higher heterogeneity and longer characteristic path length.

2. The differences between R and T states observed, in the case of dimers, for complex global network descrip-
tors like Characteristic Path Length and Density, are not easily predictable on the basis of the corresponding
changes in the isolated α and β monomers. Due to the presence of highly nonlinear interactions, however, this
is not in contrast with the critical role assigned to dimers in the transfer of informations within the quaternary
structure [17].

Figure 4: Visualizing topological differences in geometrical representations.
The location of topological differences between R and T forms are visualized in the geometrical structure of the Hb αβ dimers
in the R form. The blue residues represent nodes whose number of changes, in terms of (lost/gained) links, is greater than 1;
white residues don’t change the number of links following the T → R switch. The two haemes are shown in red .

Figure 4 shows the locations along the primary structure of the nodes which are more sensitive to the T↔R
transition. The red color associated to such nodes is concentrated in the haeme-surrounding regions and at the αβ

interface. This is in excellent agreement with, respectively, the motility of F, G and E helices resulting from ligand
binding, as indicated in the classical papers by Baldwin and Chotia [30], and the substantial rearrangement of
salt-bridge interactions indicated, more than 40 years ago, by M. Perutz as responsible for the cooperative effects
between chains within dimers.

In Figure 5 the changing number of links connecting each single residue to its neighbors as a consequence of
the T→R switch is provided, taking into account their increase or decrease in terms of positive or negative T −R
difference, respectively. Once again, the location of the two residues which are mainly affected by the T→R
transition, namely 234 and 168 in the bottom panel of Figure 5, confirms that the β chain is more sensitive to
the allosteric change. Moreover, the specific location of such residues in the proximity of the haem is in perfect
agreement with the idea that the rearrangements occurring within the haem pockets constitute the actual trigger
of the allosteric mechanism.
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4 Discussion

Allostery is the most direct and efficient way to regulate the function of a protein, in the frame of homo and
heterotropic interactions within the same macromolecule, metabolic control mechanisms, and signal transduction
pathways. In addition, disregulation of many allosteric systems have been associated with human diseases like
Alzheimer, inflammation and diabetes [31,32]. The most interesting novelty introduced by the topological repre-
sentation of protein structures lies in the alternative point of view provided on the basis of the same PDB data. To
clarify the above statement a very favorable situation is provided by the allosteric changes which have been since
a long time studied by 3D distance analysis but only recently reconsidered in a topological perspective [14].

Figure 5: Topological difference between R and T conformations of α and β Hb chains
The topological difference between the R and T forms of Hb is visualized in terms of changed links LiR−LiT concernig each
residue in the sequence of the α and β chains (top left and right panel, respectively) and of the αβ dimer (bottom panel). The
horizontal axis marks the residue location in the sequence. In the case of dimers the residue location was calculated chaining,
in the order, the α and the β primary structures. The red/blue bars indicate the number of changed links, following the T → R
switch, in terms of gained/lost links for each single node. For instance, the highest red bar in the bottom panel (αβ dimers),
indicates that residues 234 gains 6 links in the T → R switch; likewise, the lowest blue bar indicates that residues 168 looses
5 links in the switch.

In this respect it is difficult to overestimate the utility of Figure 4 where the changing landscape of chaemical
links between the R and the T conformation are clearly shown within the tertiary structures (left panel) and
along the Cα backbone (right panel). However, in order to localize at the level of single residues the topological
differences between the two conformations emerging from Table 2, the plots in Figure 5 are even more useful.

Careful consideration of the local link rearrangement along the primary structures shown in Figure 5, in fact,
allows: 1) to assess the statistical significance of topological differences, and 2) to identify possible transition-
sensitive loci other than the haem pocket and the α-β interface. Concerning the first point, at odds with the
difficult use of the network global parametsr listed in Table 2, a straightforward t-test (two tails, coupled samples)
of the profiles associated to the R and T conformers and coded by the (R-T)/T and (R-T)/R descriptors, produced
p-values << 0.01 for all the three panels shown in Figure 5.
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As for the second point, it is worth noticing that from Figures 4 and 5, other locations, different from the above
mentioned ones, appear sensitive to the R↔ T transition. A rationale for that can be found on the basis of the
allosteric heterotropic (between different sites) interactions causing the Bohr effect in Hb. Similar considerations
do not hold in the case of myoglobins, where an analogous phenomenon has been tentatively explained invoking
an ancillary enzyme-like function associated to oxygen-storing [14]. In the search for the molecular mechanisms
responsible of such observations, the new perspective offered by the topological descriptors of protein structures
may reveal precious. In the present case our results, showing a fairly high number of changes in the link profile
near the −NH2 terminal residues of both chains (Fig. 5, bottom panel), find an authoritative confirmation in the
mechanism suggested by M. Perutz and already mentioned in the result section.

Finally, it should be stressed that what can be observed, at the level of single chains, in terms of links re-
arrangement ensuing to the R↔ T switch (Fig. 5 left and right top panels) is not a perfect mirroring of the
corresponding ones at the dimer level ( Fig. 5, bottom panel). This is justified by the fact that in the topological
representation of monomers the whole set of inter-chain links in dimers are, by necessity, missed. It also repre-
sents a further confirmation of the crucial importance of αβ dimers in the concerted allosteric mechanism of Hb
and, on the other hand, it indicates that an exhaustive topological picture of allosteric transitions in Hb cannot
miss the information concerning tetramers. As a matter of fact, this will be the subject of our future engagement
in the field.
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