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Abstract
In this work, we study exact continuous reformulations of nonlinear integer programming problems.
To this aim, we preliminarily state conditions to guarantee the equivalence between pairs of general
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1 Introduction

Many real world problems can be formulated as a nonlinear minimization problem where some
(or all) of the variables only assume integer values. When the dimensions of the problem get
large, finding an optimal solution becomes a tough task. A reasonable approach can be that of
transforming the original problem into an equivalent continuous problem. A number of different
transformations have been proposed in the literature (see e.g. [1, 2, 5, 8, 9, 10, 11, 12]).

In this work, we consider a particular continuous reformulation which comes out by relaxing
the integer constraints on the variables and by adding a penalty term to the objective function.
This approach was first described by Ragavachari in [12] to solve zero-one linear programming
problems. There are many other papers closely related to the one by Ragavachari (see e.g.
[3, 4, 6, 7, 13, 14]). In [4], the exact penalty approach has been extended to general nonlinear
integer programming problems. In [13], various penalty terms have been proposed for solving
zero-one concave programming problems. We generalize the results described in [4], and we
show that a general class of penalty functions, including the ones proposed in [13], can be used
for solving general nonlinear integer problems.

In Section 2, we state a general result concerning the equivalence between an unspecified opti-
mization problem and a parameterized family of problems. In Section 3, by using the general
results described in Section 2, we prove that a specific class of penalty terms can be used to
define exact equivalent continuous reformulations of a general zero-one programming problem.
In Section 4, following the idea of Section 3, we show a general nonlinear integer programming
problem is equivalent to a continuous penalty problem. The results proposed in Section 3 and
4 can be easily extended to mixed integer programming problems.

2 A General Equivalence Result using Penalization

We start from the general nonlinear constrained problem:

min f(z) (1)

zeW
where W C R™ and f(z) : R" — R.

For any € € R, we consider the following problem:

min f(@) +p(z,€). (2)

where W C X C R", and ¢(-,¢) : R — R.
In the following Theorem we show that, under suitable assumptions on f and ¢, Problem (1)
and (2) are equivalent.

Theorem 1 Let W and X be compact sets. Let || - || be a suitably chosen norm. We assume
that

a) f is bounded on X, and there exists an open set A D W and real numbers a, L > 0 such
that, for any x,y € A, f satisfies the following condition:

[f(@) = f()l < Lz —yl|*. (3)

b) the function ¢ satisfies the following:



(i) For every xz,y € W, and every e € Ry
p(z,e) = oy, €).

(ii) There exist a value € and an open set S O W such that, for every z € W, x €
SN(X\W) and € € (0,€], we have

lp(z,€) = p(z,)| 2 Lllz — 2|* (4)
where L > L.
Furthermore, there exists a point & ¢ S such that
21_1)%[90(575) - gp(z,g)] =0 (5)
for every z € W, and
p(x,€) = (7€) (6)

for every x € X \ S, and for every e > 0;

Then, a real value € exists such that, for any e € (0,&], problem (2) and problem (1) have the
same minimum points.

Proof. First we prove that every optimal solution of Problem (2) is also an optimal solution of
Problem (1).

For all £ > 0 if 2* is an optimal solution of problem (2) we have
@) + o) < fx) +o(x,e) VrelX. (7)
Since W C X it follows that
f@) + o e) < f(2) +¢(z,6) VzeW. (8)
If x* € W, assumption (¢) ensures that
f@) < f(z) VzeW,
which shows that z* is a global minimum of Problem (1).

Now we prove that there exists a value € such that, for all ¢ € (0, €], every global minimum point
of Problem (2) belongs to the set W.

Let z and S be respectively the point and the open set defined in Assumption (i7). Hence, by
(5), there exists a value & such that for all € € (0, £] the following inequality holds:

o(T,e) — p(z,e) > sup f(x) - xégf\sf(w)- 9)

Then we can introduce the value & as follows
€ = min{g, &} (10)
where € is defined as in (i7).

Now, suppose, by contradiction, that for a value e € (0,&] there exists a global minimum of
Problem (2) z* which does not belong to W, namely z* ¢ W.
We consider two different cases:



1) x* e S:
without any loss of generality, consider S C A. In this case for any z € W, using the
definition of &, assumption a) and (i7), we obtain

f(z) = f@*) < |f(2) = f@*)] < Llla* = 2|* < Llja* = 2[|* < p(a*,e) —p(z.6)  (11)
and we get the contradiction
f(z) +o(z,6) < f(a") + o(a7, €). (12)

2) z* ¢ 5:
in this case we have that z* € X \ S and, recalling Assumption (ii), by using (6) we can
write for any z € W:

fa) 4ot 2 inf f@)+ee)

> f(z) = sup f(x)+ inf f(z)+p(z"c)
zeW zeX\S

> f(z) —sup f(z)+ inf f(z)+¢(Z,¢), (13)
zeW TeX\S

adding and subtracting ¢(z,¢) we write

Fa) + 9(a",2) 2 F() + 0(2.0) + 0(@.2) — (z.) - sup f(x) + inf f(@)

Recalling definition of £ and (9), for all € € (0,&] we obtain the contradiction:

f@) +p(a”,e) > f(2) + o(2,€). (14)

Now we prove that, for all € € (0,£€] (where € is defined as in (10)), every optimal solution of
Problem (1) is also an optimal solution of Problem (2).
Suppose, by contradiction, that there exists an ¢ € (0, £] such that

f(@*) + e(a”,e) < f(z") + ¢(2", €), (15)

where z* is an optimal solution of Problem (1) and x* is an optimal solution of Problem (2).
Recalling the first part of the proof, we have that, for all € € (0, £], the point x* is also a optimal
point of Problem (1) and, hence, using assumption (i), we have

f(@®) < f(z7) (16)

and this contradicts the fact that z* is an optimal solution of problem (1).0

3 Smooth Penalty Functions for Solving Zero-one Programming

Problems
We consider the following problem
min f(z)
zeT (17)
xz € {0,1}"
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where T'C R", and f is a function satisfying assumption a) of Theorem 1.
Our aim consists in showing that the zero-one problem (17) is equivalent to the following con-
tinuous formulation:
min f(z) + p(a,¢)
xeT (18)
0<z<e

where € > 0, and ¢(z,¢) is a suitably chosen penalty term.
In [4], the equivalence between (17) and (18) has been proved for

1 n
- Z xi(1— ;). (19)
£

1=1

In this section, by using Theorem 1, we can prove the equivalence between (17) and (18) for a
more general class of penalty terms including (19).
In particular, the penalty terms we consider are:

o) = 3 (log(es +€) + log[(1 — ) + ]} (20)
=1

n

p(z,) =D {=(@i+e) "= [(1—z) +] 77} (21)

ple.e) = L Yo {[1 - expam)] + [1 - exp(-a- (1 z)]} (22)

o) = LY (@it )+ (- ) + oY) (23)
i=1
é 12:;{ [1 + exp(—a - xz)} ! + {1 +exp(—a- (1 — xﬂ)}i } (24)

where ¢, @, p > 0 and 0 < ¢ < 1. Functions (20)-(23) have been proposed in [13], where the
equivalence between (17) and (18) has been proved in the case when f is a concave objective
function and T is a polyhedral set. The use of penalty term (24) in formulation (18) has never
been proposed before.
We set

W:{xGT : xE{O,l}”}
and

X:{xeT : ngge}.

Proposition 1 For every penalty term (20)-(24), there exists a value € > 0 such that, for any
€ (0,&], problem (18) and problem (17) have the same minimum points.

Proof. As we assumed that function f satisfies assumption a) of Theorem 1, the proof can
be derived by showing that every penalty term (20)-(24) satisfies assumption b) of Theorem 1.



Consider the penalty term (20).
For any = € {0,1}" we have
o(x,e) =n-logle - (1+¢)]

and (7) is satisfied.
We study the behavior of the i-th function ¢;(z;,€) in a neighborhood of a feasible point z;. We
can consider three different cases:

1. z; =0 and 0 < z; < p: Using the mean theorem we obtain

1 1
iz, €) — iz, €) = (@ 1 +€) i — 2i (25)

where Z; € (0,2;). Choosing p < 1, we have

1 1
(s — iz > _ Y 26
piane) = plene) 2 (s m ) s (26)
1
> -2 - 27
e L (21)
Choosing p and ¢ such that
1
+e< =—rif 28
PTEET 29
we obtain 3
vi(zi,€) — ¢ilzi,€) = Ll — 2] (29)

2. zz=1land 1 — p < z; < 1: Using the mean theorem we obtain

1 1
©i(wi, €) — pilzi,€) = (1 it I ~|—6) |25 — 2. (30)
7 (2

Then, repeating the same reasoning as in case 1, we have again that (29) holds when p
and e satisfy (28).

3. zi=x; =0, 0r z; = 2; = 1: We have p;(z;,¢) — pi(zi,e) = 0.

We can conclude that, when p and ¢ satisfy (28),
~ n ~ ~
p(a,e) = p(z,e ZLZ i =z =Lllz =21 = L]z = 2]l (31)

for all z € {0,1}" NT and for all x such that ||z — z||c < p-

Now we define S(z) = {x € R": ||z — z||oo < p} and S = Y, S(2;), where N is the number of
points z € {0,1}" N T, and (4) holds.

Let Z be a point such that Z; = p (; = 1 —p), and z; € {0,1} for all i # j. If {e*} is an infinite
sequence such that e¥ — 0 for k — oo, we can write for each z € {0,1}":

lim [o(7,¢") — (2, ¢")] = Jim {log[(p +&*) - (1 = p+&")] ~logle" - (1 4 M)]} = +oo,

k—oo



and (5) holds.
Then for every z € X \ S, and for every € > 0 we have

plz,e) = @)= Y {logl(wi+2)- (1 -z +2)]} - (n—1)-logle - (1 +2)]
i#]
+log[(z;+¢)- (1 —aj+e)] —logl(p+e) - (L—p+e)] >0,
where p < 27 <1 — p. Then (6) holds, and Assumption (ii) is satisfied.

Consider the penalty term (21).
For any = € {0,1}" we have

p(z,e) = —n-[(e)" + (1 +¢)7"]
and (i) is satisfied.

We study the behavior of the i-th function ¢;(z;,€) in a neighborhood of a feasible point z;. We

can consider three different cases:

1. zz=0and 0 < z; < p: Using the mean theorem we obtain

_ P p .
pil@ine) = pilzie) = {(j’:Z +e)ptl (1 — & +e)pt! i — zi
where Z; € (0,z;). Choosing p < %, we have
p p
oiwnd) =il 2 | - |l
P optl S
S [(p+6)”+1 R L
Choosing p and ¢ such that
p
L
(p+e) Ty 2
we obtain .
vi(zi,€) — ¢ilzi, ) = Ll — 2.
2. zi=1land 1 — p < z; < 1: Using the mean theorem we obtain
p p
(:Di(l‘ia 5) - Soi(zive) = |IL‘1 — Zi|

(1 — & +e)ptl (& +e)pt!

(32)

(37)

Then, repeating the same reasoning as in case 1, we have again that (36) holds when p

and ¢ satisfy (35).

3. zi=x; =0, or z; = z; = 1: We have p;(x;,¢) — p;(z,e) = 0.



We can conclude that, when p and e satisfy (35),
~ n ~ ~
p(,e) = p(z,6) > LY |wi — zi| = Lllw — 2ll > L]z — 2w (38)
i=1

for all z € {0,1}" NT and for all x such that ||z — z||e < p.

Now we define S(z) = {z € R" : ||z — 2|00 < p} and S = UY., S(z), where N is the number of
points z € {0,1}" N T, and (4) holds.

Let Z be a point such that Z; = p (Z; = 1 —p), and z; € {0,1} for all i # j. If {e*} is an infinite
sequence such that e¥ — 0 for k — oo, we can write for each z € {0,1}":

lim (3, 6%) — (2,5 = lim {~(p+ )7 = [(1 = ) + €57+ [(5) 7 + (1+5)7]} = 4o,

k—oo k—oo

and (5) holds.
Then for every z € X \ 9, and for every € > 0 we have

plz,e) — @)= S {-@+e)P—[(1-z)+e P} +(n—1) [P+ (1+e)7]
i#7
a5t (0 -+ P (o) P (- )+l T 20
where p < 25 <1—p . Then (6) holds, and Assumption (i7) is satisfied.O

Consider the penalty term (22).
For any = € {0,1}" we have

o(z,e) = g{l — exp(—a)}

and (i) is satisfied.
We study the behavior of the i-th function ¢;(z;,€) in a neighborhood of a feasible point z;. We
can consider three different cases:

1. z; =0 and 0 < z; < p: Using the mean theorem we obtain
e - -
vi(zie) — pi(zie) = - [exp(—a < Z) —exp(—a- (1 — xz))} |x; — 2 (39)

where Z; € (0,2;). Choosing p < 1, we have

pilie) = ilzi,e) 2 = [exp(—a - p) — exp(—a- (1= p)|li - (40)
Choosing p and € such that
L < Z[exp(~a-p) — exp(~a- (1-p))], (41)
we obtain .
vi(Ti,e) — vi(zi,e) > Llz; — zi]. (42)

2. zi=1land 1 — p < z; < 1: Using the mean theorem we obtain
e - -
pili€) = pizi,e) = Z oxp(—a- (1 = &) —exp(—a-&))|lri — = (43)

Then, repeating the same reasoning as in case 1, we have again that (42) holds when p
and ¢ satisfy (41).



3. zi=x; =0, 0or z; = z; = 1: We have p;(z;,¢) — pi(zi,e) = 0.

We can conclude that, when p and e satisfy (41),
n
o(x,e) — @(z,e ZLZ i — 2l = L||lz — z||1 > L||z — 2||o (44)

for all z € {0,1}" NT and for all  such that ||z — z|lec < p.

Now we define S(z) = {z € R" : ||z — z||oo < p} and S = UY, S(z;), where N is the number of
points z € {0,1}" NT, and (4) holds.

Let Z be a point such that Z; = p (Z; = 1 —p), and z; € {0,1} for all i # j. If {e*} is an infinite
sequence such that €¥ — 0 for k — oo, we can write for each z € {0,1}™:

lim [o(Z, ") —p(2,e%)] = lim 1 {[l—exp(—a-p)h—{l—exp(—w(l—p))} — {l—exp(—a)” = 00,

k—o00 k—o00 Ek

and (5) holds.
Then for every x € X \ S, and for every € > 0 we have

plae)—p@e) = 2 S{[1-esp(-a-a)] + [1-exp(-a- (1 = 2]} — (1= 1)+ [1 - exp(-a)]
i#]

+{ {1 —exp(—a - l’j)} + [1 —exp(—a- (1 - mj))}
~[1—exp(=a)-p] = [1 —exp(—a- (1= p))]} 2 0
where p < 27 <1 — p. Then (6) holds, and Assumption (ii) is satisfied.O

Consider the penalty term (23).
For any = € {0,1}" we have

o(r,e) =n-[(e)!+ (14 ¢)9
and () is satisfied.
We study the behavior of the i-th function ¢;(z;,€) in a neighborhood of a feasible point z;. We
can consider three different cases:

1. zz=0and 0 < z; < p: Using the mean theorem we obtain

¢ q
Tite)l-1 (1-Z;4+¢

oiane) = oi(z0) = [ gl = (45)

where z; € (0, ;). Choosing p < %, we have

q q
i(Zi, €) — @ilzi, > - i~ Zi 46
oiwnd) =il > | - ey e 2 (46)
q 1—
> | g 2V A7
> | ot a2l (a7)
Choosing p and ¢ such that
q
+elt —— 48
(49 < gy (48)
we obtain )
gpi(xi,s) — @i(zi’g) Z L‘ﬂfl — Zi|. (49)



2. zi=1land 1 — p < z; < 1: Using the mean theorem we obtain

q q
(zi,¢) — @ilzie) = _ S L. 50
301(371 8) 807/(27/ 6) (1 — 7 + 8)1iq (ZL',L —{—5)17(1 |‘TZ Z’L’ ( )
Then, repeating the same reasoning as in case 1, we have again that (49) holds when p
and ¢ satisfy (48).

3. zi=x; =0, or z; = x; = 1: We have p;(x;,&) — p;(z;,e) =0.

We can conclude that, when p and e satisfy (48),
n
o(x,e) — @(z,e) > LZ — zi| = L|lz — z||1 > L||z — 2|l (51)

for all z € {0,1}" NT and for all  such that ||z — z|lec < p.

Now we define S(z) = {z € R" : ||z — 2|0 < p} and S = UY., S(z), where N is the number of
points z € {0,1}" NT, and (4) holds.

Let Z be a point such that Z; = p (; = 1 —p), and z; € {0,1} for all i # j. If {e*} is an infinite
sequence such that e¥ — 0 for k — oo, we can write for each z € {0,1}":

lim [ip(2,2*) — (2, £)] = Tim {(p+ &)1+ [(1 = p) + 7 = [(M)7 + (1 +25)7]} = oo,

k—o0

and (5) holds.
Then for every € X \ S, and for every € > 0 we have

pe) —p@e)= Y {@+e) +[(1-2)+e"} —(n—=1)-[()7+ (1 +¢)]
i#7
g4 )4 [(1—a) 4 elf — (o) — [(1— ) 27> 0
where p < 27 <1 — p. Then (6) holds, and Assumption (ii) is satisfied.O

Consider the penalty term (24).
For any = € {0,1}" we have

o(r,e) = 2{0.5 + [1 + exp(—a)} _1}

and (7) is satisfied.
We study the behavior of the i-th function ¢;(z;,€) in a neighborhood of a feasible point z;. We
can consider three different cases:

1. zz=0and 0 < z; < p: Using the mean theorem we obtain
pi(zi€) — pilzi,€) = %{[1 +exp(—a-&)] 7% - exp(—a - F;)
~[1+exp(—a- (1 - ;)] exp(—a- (1 - fz’))}lﬂ«"z’ — 2i|(52)
where Z; € (0,2;). Choosing p < 1, we have
eiwine) — ilzine) = Z{{L+exp(-a-p)] 2 exp(-a-p)
~[L+exp(—a- (1= p))] 72 exp(—a- (1 - p)) flai — ]

> 3[0.5 cexp(—a - p) = exp(—a- (1 - p))]|zi — (53)
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Choosing p and ¢ such that

L<2[05- exp(~a-p) —exp(a- (1= p))]. (54)

we obtain

vi(zise) — pi(zi,€) > Lz — 2. (55)

2. zi=1land 1 — p < z; < 1: Using the mean theorem we obtain

pi(zi,e) — pilzi,e) = %{[1 +exp(—a- (1 —&))] 7% exp(—a- (1 - 7))
~[1+ exp(—a - &)] 72 - exp(—a- &) flas — 2] (56)

Then, repeating the same reasoning as in case 1, we have again that (55) holds when p
and ¢ satisfy (54).

3. z;=x;=0, or z; = x; = 1: We have p;(x;,¢) — p;(z;,e) =0.

We can conclude that, when p and e satisfy (54),
~ n ~ ~
o(z,e) — p(z,e ZLZ i —zi| = L||lz — z]1 > L]z — z||co (57)

for all z € {0,1}" NT and for all x such that ||z — 2|« < p.

Now we define S(z) = {z € R" : ||z — z|lso < p} and S = UY, S(z), where N is the number of
points z € {0,1}" NT, and (4) holds.

Let 7 be a point such that Z; = p (Z; = 1 —p), and 7; € {0, 1} for all i # j. If {¢¥} is an infinite
sequence such that e¥ — 0 for k — oo, we can write for each z € {0,1}":

lim [p(Z, &%) — ¢(z, )] = lim 1 Hl +exp(—a- P)} -

k—oo k—oo €k

—i—[l +exp(—a- (1 — p))}

—-05— [1 + exp(—a)}il} = 00,
and (5) holds.

Then for every z € X \ S, and for every € > 0 we have

o(z,e) — (T,e) = - Z{ [1 + exp(—a - ml)} - + {1 +exp(—a-(1— a:z))} _1}
i#]
—(n—1)- {05+ [1+exp( )}_1}

—i—{{l—i—exp a‘:cj)r +{1+exp(— 1—35]} }
>

[1—|—exp a-p)}_l—i-[l—l-exp( (1—p))] } 0

where p < ;7 <1 — p. Then (6) holds, and Assumption (ii) is satisfied.O
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4 Smooth Penalty Functions for Solving Integer Programming
Problems

In this section we consider the following problem

min f(x)
xeT (58)
reD=Dyx...xD,

where f is a function satisfying assumption a) of Theorem 1, T' is a compact set, and
Di:{djEZ, jzl,...,mpi}. (59)

It is well known (see i.e. [4]) that Problem (58) can be reformulated as a zero-one programming
problem by using the following representation for the integer variables:

M . .
2=y 2k ¢ o1}, i=1,...n (60)

where M is an upper integer bound for logz;. This approach can be troublesome, especially
when dealing with problems having sets D; not uniformly distributed in Z. In order to face
this type of problems, we propose a different approach that directly penalizes the constraints
x; € D;. Once again, by using Theorem 1, we prove the equivalence between (58) and the
following continuous penalty formulation:

min f(x) + ¢(z,¢)

zeT (61)

where the penalty term can assume different forms. An example of such penalty terms is the
following;:

Xn: min {log |$‘1—dj|+€]} (62)

i=1 d;€D;

Proposition 2 For the penalty term (62), there exists a value € > 0 such that, for any e € (0, £],
problem (61) and problem (58) have the same minimum points.

Proof. As we assumed that function f satisfies assumption a) of Theorem 1, the proof can
be derived by showing that penalty term (62) satisfy assumption b) of Theorem 1.

Consider the penalty term (62).
For any = € D we have
o(x,e) =n-loge

and (7) is satisfied.
We study the behavior of the i-th function ¢;(z;, ) in a neighborhood of a feasible point z;. We
can consider three different cases:

12



1. z; = d; and dj < x; < dj + p: Choosing p sufficiently small, and using the mean theorem

we obtain )
(. —ni( — L. 63
wi(wi,e) — @iz, €) (@i — dj) €|xl Zi (63)
where Z; € (dj, x;). Then, we have
1
pi(ziye) — pi(zi,€) > n Clwi =2 (64)
Choosing p and € such that
1
+e< =, 65
p 7 (65)
we obtain .
pi(zi€) — pi(2i,€) > Llwi — 2. (66)

2. z; =dj and d; — p < x; < d;j: Using the mean theorem we obtain

1

—ai— . 67
(dj_i,i)ﬁlw zil (67)

(pi(‘rlﬁE) - 9073(27?’8) =

Then, repeating the same reasoning as in case 1, we have again that (66) holds when p
and ¢ satisfy (65).

3. 2i = X; = dj We have @i(xi,g) - (Pz'(ziag) =0.

We can conclude that, when p and e satisfy (65),
~ n ~ ~
o(z,€) — p(z,€ ZLZ i — zi| = Lz — z[l1 = L||z — 2]l (68)

for all z € T and for all z such that ||z — 2|l < p.
Now we define S(z) = {z € R" : ||z — 2|00 < p} and S = UY., S(z), where N is the number of
points z € DNT, and (4) holds.
Let Z be a point such that #; = d; + p, with d; € D; and Z; € D; for all i # 1. If {*} is an
infinite sequence such that e¥ — 0 for k — oo, we can write for each z € D:
lim [p(Z,e%) — ¢(2,e%)] = lim {log(p + &%) — log 5k} = 400,
k—oo k—o0
and (5) holds.
Then for every z € X \ S, and for every € > 0 we have

S

Pre)—plr.) = Y in loglle — dy| +<] - > iy osll ] +<] =
i=1 dje 1
Z{;}ggi log[|z; — d;| + e]} (n—1)-loge
i#l
+log[lz; — d| + €] — log(p + £) 2 0,
where |z; — d| > p and B
d= arg min log[|z; — dj| + €]

A

13



Then (6) holds, and Assumption (i3) is satisfied.0

Remark It is possible to introduce different types of penalty terms for Problem (58) by replacing
in (62) the log function with the functions used in Section 3. Taking inspiration from equation
(21), we have:

o(z,e) = z”: min { —[|lzs — dj| + 6]_p} (69)

=1 dj eD;

In this case, the proof of the equivalence follows by repeating the same arguments used for
proving Propositions 1 and 2.

Remark IT Function (69) is equivalent to the following penalty term:

o(x,e) = Zdr;%igi{ min{—[x; —d; +¢] P, —[dj —x; + 5]_1’}}.

This penalty term should be easier to handle from a computational point of view.
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